Derivation of Appleton’s Equation Whistler Waves
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W. Gekelman 180 E class notes
Week 5

Whistler waves! are electromagnetic waves that exist only in magnetized plasmas.
Whistler waves near the earth are excited by high altitude lightning discharges?.
The lightning discharge is an electric impulse that launches an electromagnetic
wave; this wave travels to the earth-ionosphere waveguide where it interacts with
electrons to generate the whistler waves. Whistlers are interesting because waves
with different frequencies travel at speeds determined by the dispersion relation
with the field-aligned component at higher wave frequencies traveling faster
along the ambient magnetic field.

Whistler waves propagating in the earth's ionospheric plasma have
frequencies low enough to be audible by the human ear. Whistlers where first
noticed in 1886 via a 22 km telephone line without amplification in Austria but
little was said or known about them?®. The first known report on a phenomenon
resembling whistlers was published by W.H. Preece®, the engineer-in-chief of a
British telegraph company, in 1894. The “whistles” were observed during a
display of aurora borealis at a British post office through telephone receivers
connected to telegraphs. Later, in 1919, another observation on whistlers was
reported by Heinrich Georg Barkhausen® who discussed conversations by soldiers
in which they believed that gliding whistles heard during telephone
communications were falling grenades. In 1925, English theoretical physicist and
engineer Thomas Eckersley® described disturbances, that varied in duration and
tone. These disturbances were noticed when an audio recording system was
connected to a large antenna, beginning above the audible level and quickly
decreasing in pitch until ending in a virtually constant low note.. He attributed
these disturbances to the dispersion of an electrical impulse.
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The index of refraction of whistler waves is described in the case of a cold plasma
by the Appleton-Hartree equation’. The index of refraction depends on the local
plasma density, magnetic field as well as the angle of wave propagation with
respect to the magnetic field. Since then, laboratory experiments that carefully
verified the wave propagation have been done in the linear and non-linear
regimes. The complex index of refraction allows for the group and phase
velocities of the wave to be different and explains the dispersion observed in the
early observations. These waves are studied to this day because of their
importance in auroral physics of the earth and other planets. This is a derivation
of Appleton’s equation, which is the equation for the index of refraction of a cold
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plasma for whistler waves. The index of refraction of a wave is a measure of how
the wave slows down when it travels in a medium. If the wave moves in 1D its

magnitude is n = where c is the speed of light in vacuum. If the whistler
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waves propagate along the background magnetic field and there are no collisions
in the plasma the wave dispersion is not very complicated.
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Whistlers got there name because they were first detected as audible whistling noises
with a pitch that varied in time. The phase and group velocity can be written as
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Therefore is a burst of waves with many frequencies is launched at a point (say the North
pole) the waves with the lower frequencies arrive first (at the South pole). It was
discovered that whistlers near the earth get excited by very high altitude lightening
(called sprites). Once they are excited they follow the earth’s magnetic field and bounce
between the poles. When the angular dependence of the waves is left in the equations, as
we will see, the group velocity (which is the direction of energy flow) and the phase
velocity need not be in the same direction.

2b) v

To find the index of refraction we have to consider the force law for a plasma and since it
is a wave we also consider the equations for the electric and magnetic fields. The force

equation is by definition F=ma (a is the acceleration). For the case of gravity a = —gj

g is a constant and gravity points downward near the earth. For an element of mass m,
with charge q the force equation is more complicated

3) m((%j + (Ve V)W) =-Vp+q(E+Vx B)—mvv

There are two vector equations one for the ions and one for the electrons (which means
there are 6 equations overall). We now start making assumptions

Assumption I The wave is a high frequency wave and the ions being more massive than
the electrons do not have any time to move when the wave passes by. In this limit we can
think of the ions to be a sort of crystal. They are equally spaced in three dimensions and
fill all of space. We therefore only have one force equations where m is the electron
mass.



What are the terms in equation 3? The second term m(ve V)V) is the part of the force
due to spatial changes in the velocity field. Note that the symbol Vis called the gradient
and is defined in rectangular coordinates by

4) V:if+iﬁ+il€
ox dy 0z

This term (m(V e V)V)) is much smaller than all the others ( v is a second order quantity)

so we will ignore it. All quantities associated with the wave are small. Bwave is much
than the background field for example. Equation 3 now becomes

4) m((%j) =-Vp+q(E+VxB)—mvv

The other terms are the pressure gradient Vp, the electromagnetic forces, and the last

term on the right hand side is the force experienced by a particle because it is colliding
with other particles. If you are strolling down the street and are hit by a fast basketball
you will feel a force and can get shoved to the side. vis the collision frequency. If there
are no collisions this term is zero. Also the faster a particle is moving the more collisions
per second it will experience. This gives the velocity dependence.

Assumption II. We will next assume that the background electrons are ice cold and will
only bob back and forth when the wave passes by. In the 180E experiment the whistlers
are launched in the cold afterglow plasma. It has a temperature of about 0.2 eV or 2400
degrees Kelvin. This would be more than uncomfortably hot if you lived in it (you would
fry!) but for a plasma it is considered cold. If the particles are ice cold, there won’t be a
difference in pressure from place to place and Vp =0. Now equation 4 becomes:

m((&)) =+q(E + VX B)— mvv
5) ot

This is as simple as we can make it.
The next equations we have to use are the equations of electricity and magnetism. They
are called Maxwell’s equations.

6) VXE= —aa—]: . Faraday’s law

_ - JE . .
7 VXB=u,j+ U, = This is Amperes law as modified by Maxwell. It relates

changing electric fields and currents to the curl (rotation) of the magnetic field. Here J
is the current density in the plasma due to currents of the whistler wave. There are two



more Maxwell’s equations but use of them in this derivation is not necessary, so we wont
discuss them.

In general these are hard to solve but we will use a trick. It is called Fourier
analysis. Finally, the Fourier trick we will use is to assume that we have a wave solution
and that a particular whistler wave at a given frequency has a strength given by the A or B
coefficient in the Fourier series (if it’s a sine or a cosine respectively). That is each
whistler wave will be of the form:

8) B, (7.t)=Be'™
the wave is also a function of space and instead of a one dimensional solution, the wave
can spread in all three directions.

where B is the magnetic field of the wave. Here we note that

k-7=kx+ k,y+k_z. Also, the sines and cosines are connected to the exponential

solutions because of Euler’s theorem

9) ¢ =cos@+isin@ , which for our waves

9) 7o) - cos(ﬁ-? - a)t) - isin(ﬁ-? - a)t) .
If we take the real part of this we get the cosine, the imaginary part gives us the sine

The purpose of going to Fourier land is to convert the partial differential equations
(PDE’s) to algebraic ones. You will see that the algebra is bad enough but not as bad as

. : - oB . .
solving the PDE’s. Consider Faraday’s law , VX E = e equation 6 and Fourier
t
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solutions such as Equation 8. Taking the time derivative m

t
;El (7.t)=—iwBe™ ™) = —iwB, (F,t). The left hand side was done in lecture but
t

using the definition of the curl equation 6 becomes
(10) ikxE=ioB kxE=wB
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Here k is the wavenumber and its magnitude is ‘k‘ =k= TTC . The vector k points in the

direction of the phase velocity. This is the direction that a maxima or a minima of the
wave moves.

_ - E
If we then use the generals Ampere law VX B = u,j+ U,&, %— we get (try it!)
t

11) ik x B = y, (—env) - ioy,&,E



P - _
We now how to revisit the force equation (5) m((a—vj =+q(E+VXB)—mvv.
t

B is the total magnetic field which consists of the magnetic field of the wave as well as
the background magnetic field in the plasma. B(7,t)= B, + B, (7,t) B, <<B,. The

field of the wave is Bw and is much smaller that the background field. We want to solve
for the wave field but in equation (5) we can make the very good assumption that

oV _ _
12) m((g—v) = +q(E+Vx B))— mv¥
1
Note that v is the velocity of the particles (electrons) in the field of the wave so we can’t
drop it and E is the electric field of the wave. Using our Fourier analysis equation 12

becomes:

13) —iomv =—e(E+Vx (B, )) - mv¥

Equations 9,11,and 13 are the algebraic equations we must solve. Note that these are
vector equations so there are really 9 equations here. We have to solve for 3 velocities of
the particles , 3 E fields of the wave and 3 B fields of the wave so we have 9 equations
with 9 unknowns. We can rewrite (10) as

1~ - -
14) —kxE=B, =B

0]
Instead of carrying the w subscript we assume that E,B,v are all due to the wave and By is
the background field

Next we substitute B from equation 14) into equation 11)

15) ik x (iﬁ X Ej =—u, (env) - iwu e, E

We can simplify the right hand side which, has a double cross product using a vector
identity. For any three vectors A,B.C AX (1§ X C‘) = E(A-C’) - C’(A-E) . Using this in
equation 15: k x (E X E) = E(E-E) — k*E and now the equation is

16) ik (K+E) - ik’E = —p1, (wenv) — i 1€, E
. 1 D
From Maxwell’s equations ¢* = —— the speed of light is related to the fundamental

ALLOEO
constants of electricity and magnetism.



Finally we the force equation —wmv = ie(E + VX (E’O )) +imvv can be manipulated with

a bit of algebra to get:

18) (1+£)\7+£(Vx§0):—£1§
w ma@ ma

Next lets do the problem in the simplest coordinate system possible. Let the
background magnetic field Bo be in the z direction. The wave will propagate at some
angle with respect to the background field. Call the angle theta and choose the x-y-z axis
such that @ 1is in the x-z plane

Therefore in this system: EO = Bolg : k= ksin6i + k cos Ok
Let the algebra begin!
First lets tackle the right hand side of equation 17

E(E-E) — k*E = (ksin 0i + k cos 912){(ksin0§ + kcos 012)-(Exf + Ey} + EZIG)

—k*(Eji +E,j+E.k)



then
K(keE)- K’E = (k*sin> 0E,i + k”sinOcosOE i — k’E, 1)
~K’E.
Y

k*(E_ + E, cosOsin+ E, cos’ 0)k

So this has three components as shown above. Now we must equate this to the
components of the right hands side

For the x component:
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For the y component:
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and the z component:
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The index of refraction (remember that’s what we are looking for!) is n = X Wecan
(0]

the write these equations all at once using matrix form



(1 -1’ cos’ 9) 0 N’ sinfcosO E, v,
(19) 0 (1-n?) 0 E |= (ﬂ] v,
N’ sinBcosf 0 (1 —1n’sin’ 0) E, \F

Note that this is a matrix. If it is written for any two vectors (E,B) as

a, 4, 4 E, D,
ay, 4y Ay E, |=| D y
Qs 4y Ay E, D,

The x component of the operation is D, = a,,E, +a,,E +a;E_. This can be extended

Y
into 4 or more dimensions and written more generally as D, = 2 a,zBs. Ifit’s a 4D
B=a
world then y=4.
How to solve this? Equation (19) relates E and v. If we can get another equation
relating E and v we can eliminate v. The equation that will do this is the force equation

(18) —iwmv = —e(E + VX (BO )) — mvv. Note that the last term on the right is the
collision term and v is the collision frequency. We will assume it is a scalar, that is the

collisions are the same in every direction.
We automatically get this into determinant form by doing the cross product.

iJ
VXB=| v, v, v. |=B, (Vyf - Vx})
0 0 B,

The x component is:
—iomv,_ = —e(E +v,B, ) —mvv,

mult by i: omv_ = —ie(E +v,B, ) —imvv_ divide by mw

v .eB, ie
I+—|v, +i—>v =———E,
0] wm ma -

Fory and z:



L@, v ie
——=v_+ (1 + —jvy =—-——E  (y component)
me

To put this into final form let us replace combinations of numbers by symbols to make
manipulation easier. As we will see later all these symbols have a physical meaning.

v 0] a’ze
(20) U:(1+—) ; Y=—% ; X=—2%
0] 0] 0]

Y is the ratio of the electron gyration frequency about the magnetic field to the frequency
of the whistler wave. X is the ratio (squared of the electron plasma frequency to the wave

frequency (note that a);e is proportional to the plasma density). U tells us how large the
collisions are with respect to the whistler wave frequency. Note the i (\/—1) in the

equations will cause damping of the wave because collisions take energy from it.
Doing these substitutions:

. ie

Uv, +iYv =——EFE

y X

ma
. ie
—iYwv, +Uv,=——E,
ma

ie

Uv,=——E,
: o

and the force equation becomes:

u iv o) % N E,
Q| -y U 0 v, = E,
0 0 U J v " E.

To eliminate v from the right hand side of (19) we have to solve for v above. You can
simply divide both sides of the equation by the matrix of U,Y. We have to do a matrix
inversion. Stay tuned we will do the math. To keep you out of the dark we present the
final result: Appleton’s equation. The derivation is in the appendix of these notes.
Perhaps you wish to have a go at it and fill in the missing steps.!

1
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The damping gives a total frequency of @'=w+iv.

180 Lab work for week 6:

Start to build a computational program to analyze the results and plot the equation (37).
Experiment for week 1. You will measure the dispersion relation for whistler waves.
This will be done in the afterglow plasma in the Inductively coupled plasma device
(ICP) . The wave frequencies are high 60-120 MHz therefore the experiment will be
over in a short time. (100 Mhz corresponds to a wave period of 10 ns. A tone burst of 50
periods is 50 ns. The experiment will be over in several hundred nanosecond. Although
the plasma is decaying it wont change much over that time scale.

1) Decide where in the afterglow you will make the measurement. You will be
measuring parallel propagation so the dispersion relation will be that given by equation
37 with theta =0 and assume the collision frequency is zero. This should hive you an
estimate of the parallel wavelength given the density and magnetic field.

2) At the B field you will use put the swept Langmuir probe in the plasma (make sure that
the E/B detector probe is out of the way. Take an I-V curve and store it on a memory
scope. Use your analysis program to find the density and temperature at the time you
will launch the wave. Can the plasma be considered cold?

3) Write an IDL program to calculate the dispersion relationship as a function of
frequency. We will work in the frequency regime 40 MHz < f < 120 MHz.

4) Plot the dispersion relationship for several magnetic fields. What happens when

(ON .,
w<—< and @ >—%7?
2 2



3) Read the Laptag whistler wave paper, and the paper by Strelsov et al, which will be
placed on your website. You will have to calculate the wave patterns in the x-z plane
assuming a point source at the origin (z=0,x=0). Assume that at a given frequency the
antenna launches 100 k’s, each at a different angle. They should interfere to give the
pattern that you will measure.

4) In the lab we will launch the waves with loop antenna shown in figure 1
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Figure 1. The magnetic loop antenna used to launch a whistler wave. A scope trace of
the wave received by an 3-loop magnetic probe is shown on the right.
We will discuss magnetic pickup probes next week

You will receive the waves with a 3 axis magnetic pick up loop array. The loops detect

dB . . . dB
v One can integrate the signal but since we have a fixed frequency wave T =wB.

You will be given the area of the loops, they have one turn. This is enough information to

calibrate the probes using the magnetic flux.

4) We do the experiment in the plasma afterglow where the plasma is quiescent and the
electron temperature is very low. (cold plasma). Use the Langmuir to determine the
plasma density in the center of column. Use the portable Gauss-meter to determine the
magnetic field in the chamber (it is highly uniform in r). The magnet currents will be
reconfigured to make it uniform in z.



5) To measure the whistler dispersion you will change the frequency of the wave using
the arbitrary waveform generator and then find the parallel wavelength. To do this you
will record the time history of the received magnetic signals at enough axial positions to
resolve several parallel wavelengths using the data acquisition program. Keep the probe
vertical and move the probe axially. You will then have enough information to plot

o vsk,. Compare this to the prediction from Appleton’s equation.

6) Using the cross section of neutral electron collisions (using Te you measured) calculate
the electron neutral collision frequency. How does this compare to the wave frequency?
Is it enough to explain the damping of the wave as you move away from the exciter?

7) Set up a run to measure the wave magnetic field at a single launch frequency in the x-z
plane using the axial probe. Make sure that the probe is centered and careful choose the x
and z positions the probe will go to, the gain of the digital scope and the temporal interval
you are recording. Keep track of all gains in amplifiers, the digitization rate and the true
dx and dz steps the probe moves over.

Appendix : Remainder of derivation of whistler waves:

First of we we derived an equation for the index of refraction

(remember that’s what we are looking for!) is 1= ke .
(0]

(1 —1° cos’ 0) 0 n*sinOcosH E. v,

(19) 0 (1 - 172) 0 E, |= (ﬂ) v,
£,

n*sin@cos @ 0 (1 — 1’ sin’ 0) E, \f

—iomv = —e(E + VX ( 0)) —mvv to relate E and v which is

We then used the Force law
expressed as:

u iy o) Y o | B

with U and Y defined by :



] 0
(20) U:(1+ﬂj oy=Ze o ox="r
0 0 0

To eliminate v from the right hand side of (21) we have to solve for v above. You can

simply divide both sides of the equation by the matrix of U,Y. We have to do a matrix
inversion.

Consider a Matrix A
All A12 A13 A14
A — AZl A22 A23 A24
A31 A32 A33 A'§4
i A41 A42 A43 A44 i

The inverted matrix isn’t one divided by A it is called A*! and is

Al 1 AZ] A3l A4l
1-1 1 A12 A22 A32 A42
- detA Al3 A23 A33 A43
L A14 A24 A34 A44 |
AT
A shorthand way of writing this is A = —Z-. Here A, is the transpose of the co-

det

factors of the matrix. The co-factors are calculated by striking out the row and column of
the element we are taking the co-factor of , then taking the determinant of what is left.
Also terms from even columns ie Az1 have a minus sign in front of them. For example
for the Az term .

A, A, A,
cofactorA, =-1*det| A, A, A, |=-1%{A,(A A, —AnA,)— Ay (ALAL — ALAL)+ Ay (ALA, — ALAL)}

A, A, A,

Next you take the transpose of the new matrix which you get by switching indices:
12->21. We already know how to do the determinant. So next we invert our matrix

(do the algebra and try it!)



v, _ U* -ivy 0 E,

e . 2
22) | v, |=- —~| Y U 0 E,
v, ma)U(U -Y ) 0 0 (Uz_Yz) E

Equation 2 had the v column matrix equal a bunch of stiff and so does equation 19. So
we replace v in one to get an equation for E only

(1 -1’ cos’ 9) 0 N’ sin@cosH E
0 (1-n) 0 E |=
n*sin@cos @ 0 (1 — 1’ sin’ 0) E.

23)
. . U* —ivy 0 E,
[ en }[_ e } vy U’ 0 E,
E,0 oU\U” -Y )
o) mou| oo o (v*-v*) || E
. _ ., 4nne’
We then can combine terms by substituting the fact the plasma frequency is @, =
me
(1 -1’ cos’ 9) 0 1’ sinBcosO E Ul iUy 0 E
X a)z X
0 1-n 0 E, |=——F—2—| iUy U’ 0 E,
( n ) ) sz(Uz Yz) 0 0 Ut _y? :
n° sinfcosO 0 (1 -1’ sin’ 9) E, ( B ) E
and finally
(24)
(1 -1’ cos’ 6) 0 N’ sinBcos @ E U iUy 0 E
0 (1-n?) 0 E, =—2X - iy U 0 E,
vy (*-v) || E

1’ sinfcos O 0 (1 -1’ sin’ 9) E.

The next step is to collect all the terms that multiply Ex, Ey, Ez and put them into one big
matrix:



(25)

o2 o) XU iXY
(1 1" cos 9) (Uz_Yz) (Uz_Yz)
XY 2 XU
_(Uz_Yz) (1_77 _(Uz_Yz)]
1’ sinBcosf 0 (1

X
—n%si 29__)
n° sin

N’ sinBcosf

Are we done yet? Nope. To make the matrix look simpler (of course it isn’t any

simpler) we define more terms

S=1—& ; D=-—

(26) U>—Y?

U*-v*

Substituting this into our matrix we arrive at

(S —n’cos’ 0) N’ sin@cosO E

27) iD (s-n) 0 E

1’ sin@cosO 0 (P —1n’sin’ 9) E,

This is of the form ME =0 .

(as it turns out). So next we have to take the determinant of equation (27).

Turn off a video game and try it!

The determinant of a 3X3 matrix has the following form:

a, 4, da;
det| a, a, ay
a3 4z diy

=ay, (a22a33 —Axds, ) —ap (a21a33 — Ay, ) ta; (a21a32 — Ayds )

This can only be satisfied if the determinant of M is zero

1



The answer for our matrix is:

(§-ncos’0)[(S—n*)(P-n’sin®6) |+ iD(iD)(P -1’ sin® §)
+n° sinOCOSO(S — nz)nz sin@cos® =0

We go back to our pal algebra and expand this. There are some terms that will go away.

(S — 1’ cos’ 0)(SP —Sn*sin’ - Pn* + 1" sin® 9)
—~D’P + D1’ sin” 0 — n* sin” O cos’ O(S - n2) =0

Next (note terms that will cancel are in red)

($>P—5°n"sin®@— SPn” + Sn* sin” 6)

—~SP1* cos” O+ Sn* sin” Ocos” O+ Pn* cos” @ —1n°sin’ Bcos’ O

~D’P+D’1*sin® 0 —1'Ssin®@cos’ O +1°sin’ Ocos’ B =0

Just when you thought we were done lets create more definitions, (Don’t lose sight of the
fact that we are after 1 the index of refraction.)

R=S+D
L=S-D
or

S = %(R +L) and D:%(R ~-L)

XU XY X
andSzl—ﬁ 5 D=——— ; P=1-—
U -Y — U

We will also need

(28) R=S+D=1- ZX_Uz_ ZX_YZ =1_X(U—+Y_)=1_%
ur-y*> U-Y (U+Y)U-Y U-Y

@) L=s-D=1-——2Y X o Xw-y) X
us-y* U -Y (U+Y)U-Y U+Y

R and L also have an important physical meaning which we will discuss later.



We can rewrite our combined equation for the index of refraction as
(29) n*(Pcos®@+Ssin®@)—n’(5”sin’ 6+ SP(1+cos®)— D sin> 0)+ P(S” = D*) =0
Then using the expression in (28) and (29) for R and L

§? - D? :%(R+L)2 —%(R—L)z

1
s> —D? :Z[R2+2RL+L2—R2+2RL—L2]:RL

We finally get the equation for the index of refraction

(30) n*(Pcos’6+Ssin’8) - n*(RLsin® §+ SP(1+cos8)) + PRL =0

Note it is a 4™ degree equation. Is it Appleton’s equation? Not yet. Time for more
algebra.

We can re-write equation 30 as
(31) An*-Bn°+C =0 where you can easily pick A,B,C for equation 30.

Next trick. We can use the quadratic equation solution to solve for n°

= ﬂ + —\/ —4AC . Put this into equation 31 and we get:

(32) An*-Bn°+An° +C=AnN

This can re-arranged (try it) to get

ap—c | BB -4ac|-2c
AN’ +A-B [i\/Bz—4AC}+2A—B

(33) 7’ =

and the next FINALLY 2 is



2(A-B+C)

(34 n’=1-
2A—B+~B:—4AC

This is a form of Appleton’s equation but not the form we want. To get what we want,
guess what, more algebra.

Let us look at the numerator A-B+C. To remind you:

A=(Ssin’0+ Pcos’ 0 , B=RLsin” 6 + SP(l + cos? 9) , C=PRL

XU XY X X X

S=l-——— ; D==—— ; P=l-— R=1-——-—L=1-

U-v Uu--v U U-Y Uu+y

Here is the algebra for the numerator. Follow it, note the stuff in red crosses out
For the numerator in (34)

A—-B+C= (S— RL)sin20+ Pcosze—SP(1+ cos’ 9)+ PRL

XU X X XU X X X’
S—RL:I—ﬁ—(l— )(1— ):1— —— | 1- - +——
U*-Y U-Y U+Y U*-vY U-Y U+Y U*-Y

XU X X X’ XU (XU + XY + XU - XY) X?
=772 > T + ) 2 - " Tn >t 2 2 3 2
U>-Y U-Y U+Y) U*-Y U*-Y U>-Y U*-v
X? XU U+X
_ _ L x)

Uy 0oy Uiy

(i35 5 o)

X X X X?
PRL:(I——JO— - +———)
U U-Y U+Y U*-Y
X X X? X X’ X’ X3
PRL=1- - "+ + - 0
U-Y U+Y U*-Y> U UWU-Y) UU+Y) UU*-Y?)
XU X XU X X?
SP=(1——22 y1-2y=1-—2= 24
( LF—Y»( U) U>-y> U U -Y
and

U+X X X X X
A—B+C:X%Sin29+(l——]00529— 1-—; Uz——+ > (1+cos20)
U -Y U U -Y U U -Y

X X X? X X? X’ X?
N N Tt 7Tt + N 2 2
U-Y U+Y U-Y> U UU-Y) UU+Y) UU’-Y?)
multiply through

+1



XU X X2j

U-X X
A—B-i—C:X(2 z)sin29+(coszt9——cos20)— - =+
U -Y U u--Yy° U U -Y

XU X 2
—COSZG+ﬁCOS20+—COSZO— > cos’ 6
Y U U -Y

X X X’ X X’ X’ X’
- - T3 >, 1 + - 2 2
U-Y U+Y U-Y* U UU-Y) UU+Y) UU*-Y?)

Finding like terms

+1

XU X X?
2 I —
U>-y> U U -Y

U

U-X X
A—B+C=X%sin29+(—cos26——c0329)—1+
U -Y U

XU X 2
+cos26+ﬁcos29+—00529— > cos’ 6 +

U>-Y U U*-vY U>-vy?
2UX X? X X? X2 X3
+1- 2 >t PI—— + - 2 2
ul-y* uvl-y* U UWU-Y) UU+Y) UU*-Y?)
And then
2(A B+C)—2—X2(1 5)2(A B+C)—2—X2(1 5)
U?-Y*? U U’ -Y? U

This is just the numerator. When you do the denominator one finds it is also proportional

to so that term cancels.

2 Y2

When all the dust settles we finally get

X
35) nP=l-=
(35 1 0

This is Appleton’s equation. Putting in the values for U,Y, X

36) n°=1- @ \

2



Here the wave damping is the imaginary I times v. Let us assume there is some

. o iv) o, w’, :
damping but it is slight. Then| 1+— |- —2-=1——2  This means the frequency

0) o @ o

associated with the damping is much smaller than the natural plasma frequency. In this
situation 36 becomes:

w,,
2
(37) m=1- 4 2
2 o’ .
) G (wej o
(1+w)— @ SNt et “ cos’ 0
Cl)pe a)pe @
2[1— e ] 4(1— e J

A damping term still remains. What does it mean? The damping gives a total frequency
of ®'=w+iv. If you put this into the general Fourier solution (8)

B, (F,Z) _ Bei(R-F—w'z) _ Bei(R-F—wzivt) _ Bei(ﬁ-?—wr)e_w

When you take the real part to get the cosine solution

REB™ ")y = Be™ cos(kei — 1) . | . L
(Be )= Be COS( g ) This is a cosine that decays in time.

A damping term still remains. What does it mean? The damping gives a total frequency
of w'=w+iv. If you put this into the general Fourier solution (8)

Bl (7,1‘) _ Bei(R-F—w‘I) _ Bei(ﬁ-f—wzivt) _ Bei(l‘;-rfwt)e,v,

When you take the real part to get the cosine solution

RE B I(E.?—w't) frd B vt R.Q_wt . . b 1 1
(Be )= Be COS( d ) This is a cosine that decays in time.



Ea— et decay

Now that we have derived the whistler wave equation it remains to launch and detect the
waves and measure the dispersion relationship for them. They can be launched with a
simple loop antenna or an electric dipole since the waves have both an electric and
magnetic field associated with them.

How do we launch the waves? This is done using a single turn magnetic loop antenna as
shown in figure 2. Figure 3 shows how it is differentially driven.
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+ 90
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Figure 2) Schematic showing how the whistler wave exciter is driven. The signal
generator is triggered at a given time in the “afterglow” and produces a tone burst of 5-10
cycles at a frequency you input. In our experiment the combination of the mixer and
tunable bandpass filter is replaced by an arbitrary waveform generator. The signal goes to
a 2 way splitter which outputs two sine waves 180 degrees out of phase. These are
amplified and drive a current in a loop antenna. The antenna is a single turn in a coax
cable with the inner conductor attached to the outer copper conductor. There is a gap in
the outer conductor. The entire exciter is insulated from the plasma and shaft. Think
about how this works.

The whistler antenna is driven in push pull arrangement although it is shown in figure 3.

loop
+ antenna

signal
generator

splitter

Figure 3) The splitter takes the input waveform and splits it into two identical signals
180 degrees out of phase. They are both amplified and input to different sides of the loop
antenna. One input drives current into the antenna and the other draws current out of
the,. Itis a “push” “pull” arrangement. Note that neither side is grounded. The entire
antenna and cables are surrounded by a copper ground.. There is a gap in the ground in
the center of the antenna (why?).



