Laptag lectures on resonance cones and what you need to derive them
Walter Gekelman  Summer 2011
(IF students, teachers contribute to this their names will be added!)

The object of this is to derive the formula for resonance cones in a plasma. There are a number
of steps along the way. We have to discuss:

a) What is the index of refraction of a plasma?

b) Wave propagation and - What type of plasma waves are we talking about?

c) What is a dielectric in free space and in a plasma?

d) Coordinate systems

e) Electric potential and electric fields

f) Fourier analysis (This w is done in detail in other LAPTAG notes on the website, download
them and read them NOW!)

g) Vectors and complex numbers

h) Tensors and matrices

First of all coordinates systems. The first coordinate system you learn about is rectangular
coordinates. There a vector r is given by its X,y and z coordinate positions.

Kz Cylindrical Coordinates




F=xi+ y} +zk= (x,y,z). Here i ,},12 are vectors of length 1 (in any coordinate system, in mks

they are 1 meter long, in the English system they are 1 inch long, etc). The vector may be drawn
as:

Figure 1
We can also express the vector r in spherical coordinates. Here the vector is determined not by
how long its projection is on the three axis but by its length in the 7 direction (this is a pointer

from the origin towards the tip of the vector, it also has length 1). The vector is described not by
3 lengths but by one length and two angles 7 = (r,6,¢) shown in figure 1.

To go from spherical coordinates to rectangular the transformation is:

x =rcosfsing

y=rsin@sin@

Z=rcosf

Problem : Find the inverse transformation. That is what is r,0,¢if you are given x,y,z

Electric Force. The force on one charge due to another is:
Note we are in the mks system of units

(1) F= &22? It is a vector quantity .

4e,r
This is the force on Q due to the presence of charge q. The direction is on the straight line
joining them. This is of the same form as gravitation (accident?) It is attractive or repulsive
depending on the product of qQ.

What if you have 3 charges? Then we have to decide which charge we wish to calculate the
force on. For example
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Figure 2- 3 charges
The two “red” charges are positive and the “blue one is negative. What are the forces on charge

2 on the right? The negative charges repel and F2; is the force on 2 due to charge 1. Fa3 as
shown is attractive. To calculate them we simply use the force law:

_. 1 1 .
F = q’ — X
* 4me,  d
— -1 1 N 1 P
F = qQ 3 cosOx + qQ 5 sin® y
4me, [d] 2 4me, (] E
2

2 _ _

cosezL Foa =F +F

i ] h?

2
Suppose our test charge q is exposed to more than one charge. The electric field (or force it
experiences) is the vector sum of the forces from all the charges.

There may be discrete charges, line charges surface charges of volume filled charges.

The electric field (also a vector is defined as the force on an infinitesimally small charge:

- 1
(2) E=F/q=

= gf Limgq—0
4me, r

2

Which isreal For E ?  The utility of the electric field is that all that occurs in it is the source
charge Q. The test charge serves as a point indicator telling us how big the field is and which
way it points. The next figure (Figure 3) is the electric field due to a single point charge:
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The charge (red ) is at the center. It must be positive because the field lines point outwards. The
vectors shown are unit vectors. They all have the same size to make the picture clear. Actually

1
they get smaller by —- as you go outwards.
r

If there are more than one charge than

0, = 2 Q, sum of discrete charges

QW=JNﬂlmemmgel=Q

L
0, = J(SdA surface charge ¢ = 9
A
O = deV volume charge p :%

For the case of a uniform charge density , dg = pdV here small volume element contain’s a

small amount of charge. Then we can re-write (2) as

1
4re,

(3) E= Jp—:dv This is how to calculate the the electric field due to a charge density
r

filling a volume V.

In the early 1800°s Carl Fredrich Gauss (shown above) through experimentation
discovered that :

. 1 . .
4) (j)E-n dA = Lenctosed _ — J pdV  The term on the left is the total charge divided by g, and
80 80

the formal name for the term on the left is the electric flux. Consider a closed surface such as the
one in figure 1




Figure 4 closed Gaussian surface this bounds
a volume, think of it as the skin stretched over the volume. dA is a small patch of surface area
and the black arrow is the normal vector to the surface (perpendicular to the surface).

V®, = E,AA, cos 6, = E,+ndA, . This is an element of electric flux through the surface. The

definition of electric flux is
(5)®, = PEeiidA

There are other types of flux (magnetic flux , particle flux ...) . The integral tells us the total
flux crossing the “blue” surface.
Consider this rectangular patch. In figure 4

Area= A

|

Figure 5 Electric field lines crossing a square area. The
electric flux is proportional to the number of lines that cross.
As an example. Suppose we chose our area as the surface of a closed cube and there is an
electric field constant in space as shown below in figure 5:
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Figure 5. dA; and dA: point in opposite directions but the field points only to the right and is
constant therefore EdA, — EdA, =0 . You can do this face by face and see that the integral is zero

therefore there must be no charge in the cube.
Now let us do the same problem of a sphere of charge.

Gaussian

\ / surface

-
\+ v E dA,

(/ E

Now the patch is a patch of the surface and:



0, = [ EeidA=Toed = [ BupdA=[EdA=E[dA

surface 80 surface
0, = Edmr? =L
80
E=—2L
4rreg,

Note that is q was negative the answer would be negative implying the field lines point inwards.

We have Gauss’s law as in integral. To derive our plasma equations we need it in differential
form. We do this using a famous theorem called the divergence theorem:

(6) JV-AdV = _[ VendA  Where A is any vector. Allying this to equation (4)

vol closed—area

. ~ 1 : .
cﬁE-n dA = jV-EdV = —jpdV . Since both integrals are over the same volume whats
80
inside of them (the integrand) must be equal.

(7) VsE= P This is the differential form of Gauss’s law.

8()
This equation is derived for media where the dielectric constant ¢, which reflects the
property of the media is just a number. This constant relates charge to electric field. In
a plasma with a magnetic field this is no longer a constant. It becomes a mathematical
function which depends upon the plasma density, magnetic field and so on. Because of
the magnetic it has different values in different directions. It could be a vector but it is
not because if you multiply two vectors you get 9 components. It must be a tensor. We
will have more to say about tensors as we go on. But now we must re-write (7) as

(8) V«(£E)=p,, Here g, —¢

Coulomb’s Law and E =-V®

(9) D=¢gk+E where we define K =g,

Kk, kK, O
(10) xk=| x, «, O
0 0 «x



(12) K'.y:K', —___ce pe

w("
(13) xk,=1-—3
®

(14) p,, =qe"™58(F)

Before we go to the nest step we have to introduce the concept of gradient
and potential gradient
We first start with the definition of work.

b
(15) w= I(F-d? ) ; unit of work is the Joule

Consider a spring. The force to contract/stretch it is: F=—k(x—x,).

Here xo is the equilibrium position. If it is compressed x<xo and the force is
negative (you have to exert a force in the negative x direction. The spring
is anchored to a wall located at negative x.

The work done to compress/stretch the spring is :

b 2
1 e . rs
(1lo)w = Jdex = ijdx = Ekx2 ; note it is always positive.
a 0

Consider again a system where U+W=E. (W is the kinetic energy, U the
potential energy, E the total energy which is constant if energy is
conserved). Take the differential of equation (9)

In 1D

(17) AW =Fadx ; i’—U:—F

x
X

In three dimensions F=-VU where V= aif +§} +§I€ (This is the gradient)
X y Z

Diagrams of potential are incredibly useful in predicting how a system
will go.



x5 X3 X1 X0 X9 X4 ™

a) Lowest possible energy is Eo (need E> U(x) for real velocity)

b) E<E, trapped symmetrically oscillating particle (stable equilibruim)
c) E<E, trapped oscillating particle

d) E<Es particle can leave to right , but cant pass x=0

e) E<E; particle keeps on going either way

Using Fourier Analysis equation (8) and (8) become
—g,ik - KVD = g §(F) or
—g,ik - Koik® = g §(F) = g,k - Kok

Now we have to do the algebra

(18) gk-Kkd=¢)| k, || x, &, O k, |@



=& ky |: Kxxkx - nyky nykx + Kyyk,v Kllkz }(D =& (K k2

(;c K+ K k2+1<k2)<l)

XX "X¥ woy

(k2K 412 )@ = g) ¢S (F)

(19) (k)= 1 )e-f"”s(?)

2712 2
£ (Kﬂﬁ + ik

Then use the definition of the 3D delta function

(20 z2ﬂﬁ-?d3k

O'—.X

—iot d3k

”'[ (’fikie + Kukzz) ‘ (2”)3

(21) (k)=

We have used used the definition of the delta function

-k kk +K. kk +K _k*+Kk>

xyvxy yxx Yy Wy 1™z

There are many alternate approximate definitions of the delta function some are:

2L L= L
5(x):%§sin(nzx)cos(nzg) , 0<¢g<L
5(x)= sinkr _ 11 e g ; Fourier Transform

rk 2@

k 2.2
5 - —k“x
(-

k 1
S k2
(x)= Tl+k’n’

A graph of one the cases:

1

)

0
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But k = (k sing,k, cos @, k”) , 7=(p,0,z) (It has components in xy plane and z plane

only).
Therefore ke7 = pk, sing + zk,

&’k = k, dk, dk do

For example for an area of element in k space

This is a volume element in cylindrical
coordinates. But it is in k space. Why. A cylinder volume is an area times a length. The
area is a circle. Inr space (rather than k space)

V =nrr’z. Here ris perpendicular to z. The differential is the differential of the area

time the differential in z
dV =d(nr’)dz = 2rrdrdz . In k space k, is the component of the wavenumber in the

plane perpendicular to the magnetic field so its just like a radius. 27 = jdgb. If nothing

depends on angle then you get 2x but if things are angularly dependent then you have
to do the integral. As you see the latter is the case.

and equation 21 becomes

(22) @ J‘J‘J‘ g Pl g dkld¢dz: ge'™ Teikz T k,dk, dk, zj‘reipkisinq)%
(Kt +xk2)  (2r) (2n)e,,, o (KIK +KK) o

We are integrating over all pOSSIb|e wavenumbers both parallel and perpendicular to B
and all angles so the answer depend on space and time only.

It turns out that the integral over phi can be done! Its complicated and leads to

12



2
J' e B =2m (x) Jis a Bessel function
0

2

Let n=0; 21 [e""dB=1J,(x) Letx=kp Then

Cle_iwt r ikiz t dedekn
23) (k)= I — L2 g (k
( ) ( ) Je J. ( iki ||kZ2) o( J_F)

=0 ke

What are Bessel Functions? They are in a way like sines and cosines.

The differential equation and solution for sines and cosines is

2

(24) g—y:—azy ; y=Acos(ax)+ Bsin(ox)
X

2

Bessel functions also are solutions to (of course) Bessel’s equation which is

This equation pops up quite a bit in Physics. It is the equation for the motion of waves
on the head of a drum when it it struck by a drumstick.
The Bessel function solution is

0o (_l)m ( 1 )(2m+a) .
26) J = — and in our case
(26) /. (x) Zm!r(m+oc+1) 2" n ou

m=0

@6) Jy(x)=3 — (lx]um)

A T(m+1)\ 2

The gamma function is defined as :

102.3.4..}1 n2
"7 z(z4+1)(z2+2)(z+3)e+(z+n)
Where z is any number. If mis an integer

F(z) = Lim

13



[(n)=(n-1)! The ! symbol means factorial for example 3!=3*2*1=6. Also0!=1
For m=4 for example

; = l = l . Therefore the J’s are all infinite series. But so are the sines and
I(m-1) 3! 6

cosines.

The first fews gammas are

r)=1

F(2)=1

r(3)=2

F(n) = (n — 1)!

Homework calculate and plot z,I'(z) where z=0.1, 0.2, 50.

Gamma has many other definitions it can also be expressed as an integral

oo

F(z) = Ie_’tz_ldt

0

Homework plot the Jn’s for various values of n. The places where J goes to zero are
called the zeros of the Bessel functions. J,(k,p)=0. Find the first 20 and plot verses
the number of the zero

The gamma functions have been studied for quite some time and one of their unusual
properties is

I(z)T(1-z)=— Z__ where m is the same as in the above factorial definition.
smmiw

Let’s plot the zero order Bessel function

14



y=Jo(x) >

o
~
(o)
-
ot
-
o4
(&)
=
-
-
Y

--05
xs xs x7 o . (2m+1)
sinx=x—-—+=-=; sinx=) (-1)
3151 7 = 2mr)!
2 46 o xlem)
cosx=1-"—+"—-"— ; cosx= ) (-1)
2 41 6! = (2m),

IDL has all the Bessel functions built in!

Note another definition of the delta function is:

o

(27) 8(p—-p')=p[J, (kp),, (kp")dk

0
This is analogous to a similar integral for sines

2

Jsinmxsinnxdx: no,, Note the sines can used used in a Fourier series to build up any
0

well behaved mathematical function. Since the Bessel functions behave in a similar
fashion they too can be used in an infinite series to build up any function and in fact that
is what we just did. They are part of the k space Fourier analysis of the potential. There
is a special name for mathematical function that have the this property, they are called
orthogonal functions. Aside from the sines and cosine there are an infinite amount of
other orthogonal functions.

15



Next we integrate (23) by looking it up! First of all since the integral over k| is an even
function of k, (that means it is symmetric about ki=0)

(28)
ge™ 7 T k.dk,dk, g™ 7 Tk dk, dk,
olk)= coskz | ————J,(k p)=———]|coskz | ——— =/, (kP
(k) 4n’e k, -([ ! ki:[m(l('iki +i,k7) (k.p) 2n’e, ! ! J_O(Kiki +i,k7) (k.p)
K
We will do this for the special case of —- <0 . What does this mean?
KJ_
2
1——2
K 2
(29) _“:+_ For our experiment (verify this!) 0 , = 0., , 0<<wo,,.0, We
KL
 QE——
(co2 - wi)
can approximate (29) by
2
. _ wge K (wZ _wZ) wz
—L=— @ 0. Once again if the field is large enough —L =~~~ _—<
K, w,, K, 0] ®
(0.~ @)
K
When the ratio of —- <0 the integral can be re-written as
KL
ge  tim . g
(30) (b(k) = m‘(’)‘?f[é ) [kHOCp]COSI:k”Z]dkH and
K K (1)26 - 0)2 2 . . .
a=,/-—L- >0 Note for our conditions: —L = —w = —w—C; (what is this ratio?)
K, K, 0] ®

Ho is a new function called a Hankel function. Guess what these are also orthogonal
functions and are combinations of Bessel functions.

cos(n)J,(x)-J_,(x)

(81) H,(x)=J,(x)+iN,(x) 5 N,(x)= sin(n)

where x = apk,

ix n +m |
Also H!(x)=(-i)"SY ——— (nm)t) 5
X pmom!(2x)

16



The N’s are called Neumann functions. Note for n=0 you must use a limiting procedure
to get N! Butforn=20

N, (x)= g(lnxﬂ/ —In2). where y is the x value for which No(x)= 0 the first zero of the
T
Bessel function Jo occurs at x=2.4048 thus N, (x)= 3(1nx+1.71167)
T

From the definition equation (31) the integral becomes

it

(32) ¢(p.z) = 41:55 - _[[JO(k”ocp)+iNO(kHocp)]cosk”zdk” This has solutions depending on
0L o

wZ

the ratio ap >z , op <z . Since the magnitude of || =—% and in our experiment
1)

2

8
B=100G, = 100 Mhz |a\:(2'8£810 J:SThen ap<z
iqeiwt _l qeiwt 1
(33) ¢(p.2)= =
(p-2) Ame, \ 2 —oPp? ) 4mek, (K)o
Py p
We can simplify this
qeiwt 1 qeiwt 1
34 )= =
( ) ¢(p ) 47[80KJ_ Z2 pz 47T80KJ_ KH ZZ p2
2 (2
K” K, K'” K,
This is similar to the potential of a charge in vacuum ¢(r,z)=—1 L butthe

ame, Jpr i

plasma dielectric function modifies the r and z dependence. What we are measuring in
the LAPTAG experiment is the electric field.

Since as we saw before E =-V¢we have to take derivative. Remember we are in
cylindrical coordinates so :

17



op . 19d¢~ 0J¢ .
Vo=—"r+-——¢+—

P= o el

Since our answer does not depend on the angle phi we just have to take two simple

derivatives:

o d 1 ~ 0 1
-V , :L _ —_— 4+ ——
¢(p.z) 47t50’ﬁ\/’7|| ap| [ (pz] 0z i [pz)

=+
K

1 \KL

We are interested in the radial component of E so

(35) E, = L2
KJ_

ge'” B
dre, J_\/KT\ 2 2 %
K, \K,

g™
47r£01<i\/r<7”
This is what we measure. The electric field as a function of radius at a fixed axial
distance is shown in the figure below:

E(r) at fixed axial location



Let us graph this for our experiment: B=100G, fwave = 70 MHz and the plasma density
2X108 cm- (late afterglow) we plot the electric field as a function of radius 10 cm from a
point source antenna

log, {E(r,z)+1}

z(cm)

If we plot the electric field in the r-z plane then we get the figure above

The is actually a plot of the log of the electric field because it drops off so rapidly from
the exciter. If you neglect the dielectric function it goes as 1/r2 but with the dielectric it is
worse.. The y axis here is along z. ris in cm as well as z.

Given the expression Eq 35 for the electric field we can ask “ Is there a location at which
the electric field becomes infinite?” This would occur when the denominator of equation
35 goes to zero. In nature, of course, things dont become infinitely large. We left out
collisions of the electrons with neutral particles for example in our derivation. These
and other collisions would add another term to the denominator which is imaginary.

This prevents the denominator from ever becoming zero.

The condition is:

2 2
Z—+(p—j:0 This is satisfied when : Z—:—(p—J.

19



Define an angle theta such that tan°9 = Our condition is now:

P
Z
(86) tan’f= L

Theta defines what is called the resonance cone angle. There is a cone in the
cylindrical geometry of (p,z)

Kz Cylindrical Coordinates

Kx

0]
(837) tan’0= o V" "%«) Thecone angle depends on the density, the
1

magnetic field and the frequency of the wave. For our conditions v <w,,,®, and

ce?

2 2
@, W,
=y | |1+ ¥
tanZe ~_ wce _ wce w2 1 1

2 - 2 2 2
_ wpe a)pe a)pe a)ce
o’ o’

1

1 1)

tanf = f| —+—
(f,fe fij

For the general case prove that

20



(88) sin’ 9, =

For conditions similar to those in the Laptag device the figure below shows the
resonance cone angle for fixed density and magnetic field

21



